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Shortcomings of diﬀusion theory when applied to turbid media such as biological tissue makes the development of
more accurate equations desirable. Several authors developed telegraphers equations in the well known P1 approxima-
tion. The method used in this paper is diﬀerent: it is based on the asymptotic evaluation of the solutions of the equation
of radiative transport with respect to place and time for all values of the albedo. Various coeﬃcients for the telegra-
phers equations were derived, restricted to the case of isotropic scattering, and their properties are discussed. A correct
diﬀusion coeﬃcient for the stationary case could be obtained. However, this solution did not lead to the correct phase
velocity. Correct phase velocities in combination with a correct diﬀusion coeﬃcient were found for a dispersion relation
that corresponds with anisotropic Henyey–Greenstein scattering with g = 0.22. It provides a time-dependent descrip-
tion of the ﬂuence rate with validity for all values of the albedo.
 2005 Elsevier B.V. All rights reserved.
PACS: 42.68.Ay; 95.30Jx; 42.25.Bs; 42.62.Be
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The optical properties of biological tissues are
used to obtain information about the various com-0030-4018/$ - see front matter  2005 Elsevier B.V. All rights reserv
doi:10.1016/j.optcom.2005.06.024
* Corresponding author. Tel.: +31 50 3634913; fax: +31 50
3634947.
E-mail addresses: B.J.Hoenders@phys.rug.nl (B.J. Hoen-
ders), R.Graaﬀ@med.rug.nl (R. Graaﬀ).ponents contained in such tissues, and have there-
fore important diagnostic value. The calculation of
the scattered part of the electromagnetic ﬁeld
interacting with the tissue requires the knowledge
of the material equations, (e.g. the dielectric- and
magnetic-tensor function), and in principle the full
solution of Maxwells equations. However, this
leads to huge practical problems.ed.
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of light in turbid media is provided by the so-called
equation of radiative transport, which, if polarisa-
tion eﬀects can be neglected, even reduces to a sca-
lar integro-diﬀerential equation for the radiance, a
quantity describing the value of the radiance in a
certain direction. A very useful approximation
thereof, the so-called diﬀusion approximation,
leads to a diﬀusion type of equation for the inten-
sity distribution. This approximation is widely
used and very popular because of its simplicity
and appeal to physical intuition [1–3].
First of all, the steady-state solution of the dif-
fusion equation has been applied to analyze mea-
surements with cw illumination, especially when
the absorption coeﬃcient, la, is small compared
to the reduced scattering coeﬃcient, l0s ¼ lsð1 gÞ.
Here, ls is the scattering coeﬃcient and g is the
anisotropy factor, which equals the average cosine
of the scattering angle. When the absorption coef-
ﬁcient is not small compared to the reduced scat-
tering coeﬃcient, the accuracy of the cw diﬀusion
approximation decreases, as has been shown ear-
lier [4–12].
One of the disadvantages of cw illumination in
applications in biological tissue is that both scat-
tering and absorption inﬂuence the results. Be-
cause in time-resolved measurements the
separation between absorption and scattering oc-
curs by the term exp(lact), this gave an impulse
to develop time-resolved spectroscopy [13,14],
and later frequency-domain photon-diﬀusion
[15,16] which have been applied to biological tissue
with the aim to obtain the absorption and scatter-
ing coeﬃcients of the tissue separately, and also to
improve the possibilities for imaging in biological
tissue [17].
Models based on diﬀusion theory have been ap-
plied to these time-resolved techniques [18–20].
However, it was noted that for a consistent
description of time-dependent diﬀusion theory,
the term exp(lact) had to describe the absorp-
tion eﬀect and the diﬀusion coeﬃcient had thus
to be written as D = 1/ls [21,22]. Application of
this latter approach led to discrepancies, because
the results with this diﬀusion coeﬃcient for the
steady-state solution calculated with this ap-
proach are not in agreement with the more rigor-ous solution of the equation of transport [6–12].
The apparent diﬀusion coeﬃcient of the diﬀusion
equation, which is in agreement with the rigorous
solution of the transport equation, depends on the
absorption coeﬃcient as well [10,11,23]. Further-
more, it depends on the phase function, which de-
scribes the angular distribution of the scatterers
[9]. It was concluded that the problems that occur
in the time-dependent diﬀusion equation are
probably related with the basic assumption that
the photon distribution over space around a point
source after a peak emission is Gaussian [11]. This
can only be an assumption, as this would imply
that some photons travel faster than the speed
of light.
A shortcoming of diﬀusion equations is that a
local variation in photon density spreads over
the medium instantaneously. In fact, the diﬀusion
equation can become valid only after a certain
time has elapsed. In contrast, a variation in photon
density should initially spread with the speed of
light in the medium. Furthermore, the standard
diﬀusion theory does not take into account unscat-
tered light. After much corrections, better results
were obtained [24].
A solution for these problems may be found by
examining some solutions of the telegraphers
equation, TE. This equation was already examined
in the 1950s [25] in a thorough discussion of the
diﬀusion- and the telegraphers equation as approx-
imations to the transport equation (although ap-
plied to neutron scattering). Historically, already
Maxwell introduced the TE [26] but did not use
the equation in his analysis of heat diﬀusion. In
a general form with arbitrary constants a, b, c, this








r2qþ cq ¼ 0; ð1Þ
which equals the time-dependent diﬀusion equa-
tion for the case a = 0.
The application of the TE to light scattering in
turbid media was considered [27]. It was concluded
that the TE does not provide a substantial
improvement of the diﬀusion equation. Elsewhere,
it was concluded that a simple to use physical the-
ory for these optical problems with the TE is still
an unsolved problem [28,29].
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rigorous solution of the transport equation could
be obtained by replacing the diﬀusion equation
by a telegrapherss equation and adjusting the
speed of light [30]. However, this may not be a sat-
isfying solution, because Eq. (1) also describes the
steady-state solution, which is independent of a
and b, and the disagreement that occurs with the
diﬀusion coeﬃcient in diﬀusion theory could then
also be transferred to the TE.
The motivation of this work is given by the
inconsistencies we have encountered also in our
previous work that occurs when using the diﬀusion
equation:
 For steady-state, the diﬀusion coeﬃcient D –
and thus c in Eq. (1) which equals la(3D)
1 in
classical diﬀusion theory – has to be adapted
in a way that depends on the absorption
coeﬃcient.
 For the time-resolved diﬀusion equation, the
absorption-dependence of the total energy after
a light pulse should only be described by the
term exp(lact). However, this remains in con-
ﬂict with the absorption-dependent diﬀusion
coeﬃcient.
 The diﬀusion equation shows an inﬁnite veloc-
ity of the wavefront.
It is the aim of this paper to investigate the
properties of the telegraphers equation with re-
spect to these problems. For that aim, the telegra-
phers equation is derived from ﬁrst principles,
enabling us to determine the correct values for
the various pertinent coeﬃcients. To this end, we
obtained the dispersion relations (viz. the relations
between the frequencies, x, conjugate to time, and
the variables conjugate to the space variables) for
the equation of radiative transport and the telegra-
phers equation. These relations are then matched
up to the 2nd order in frequency, which leads to
the telegraphers equation. Almost all the other
derivations of the diﬀusion-telegraphers equation
use the so-called P1 approximation, which essen-
tially assumes a slightly perturbed isotropic ﬁeld
distribution. We refer especially to [31] for a
survey and criticism of the various ways this
approximation is used for the derivation of thediﬀusion-telegraphers equation, and to [25] for
alternative derivations.
The implication of developing around x = 0 for
small values of x is that the approximation is ex-
pected only to be valid for large values of time t,
see Chapter 2 of [32], Chapter 5 of [33], Chapter
7 of [34], respectively. Similarly, if 1/m, the Fourier
variable conjugate to z, is small, the diﬀusion
approximation is valid for large values of place z.
The remarks just made above clearly indicate
the intrinsic nature of the diﬀusion approximation:
The so-called diﬀusion approximation to the equa-
tion of radiative transport is describing the asymp-
totical behaviour of the ﬁeld with respect to
‘‘large’’ values of time as required by the theory
of Tauberian asymptotics, see Chapter 2 of [32],
Chapter 5 of [33] and Chapter 7 of [34].
Because Tauberian asymptotics are commonly
used for the derivation of the diﬀusion equation,
and provide some insight into the mechanisms in-
volved, we will stick to this method, and derive the
telegraphers equation within this approximation.
This paper is organised as follows: In Section 2,
we develop the theory leading to the telegraphers
equation and derive the telegraphers equation
for isotropic scattering. The values for the coeﬃ-
cients of the equation are given in Sections 3 and
4 contains the discussion.2. Theory
2.1. Derivation of the telegrapher’s equation
Transport of electromagnetic radiation in
absorbing and scattering media can be described
by the equation of radiative transport, roughly




Lð~x; ~X; tÞ þ r  ~XLð~x; ~X; tÞ
¼ ðla þ lsÞLð~x; ~X; tÞ
þ ls
Z
d2X0 f ð~X0  ~XÞLð~x; ~X0; tÞ. ð2Þ
Here, L ¼ Lð~x; ~X; tÞ is the radiance, the power
which is transmitted through a unit area perpen-
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~X in position ~x at time t. la and ls are the linear
absorption and scattering coeﬃcients. f ð~X0  ~XÞ is
the phase function, which gives the probability
that a photon incident from the direction X is scat-
tered into direction X 0. The phase function is nor-
malized so that
R
d2X0 f ð~X0  ~XÞ ¼ 1. It is assumed
to depend only on the angle between X and X 0.
The simplest phase function occurs when all scat-
tering angles are equally probable. This is the case
of isotropic scattering, and f ð~X0  ~XÞ ¼ 1=4p. In
plane-symmetric geometries, the transport equa-
tion can be written [36]
o
cot
Lðz; ~X; tÞ þ cos h o
oz
Lðz; ~X; tÞ þ ltLðz; ~X; tÞ
¼ ls
Z
d2X0 f ð~X0  ~XÞLðz; ~X0; tÞ. ð3Þ
in which z is the coordinate orthogonal to the
plane. lt = ls + la, and h is the angle between
the z-axis and ~X.
The transport equation can be solved analyti-
cally for a few simple geometries only, and is hard
to solve numerically, because Lð~x; ~X; tÞ depends on
six variables: three space variables, two angles, and
time. This is why an approximation called the dif-
fusion approximation or P1-approximation is of-
ten used. The diﬀusion equation, viz. Eq. (1) with






Lð~x; ~X0; tÞ. ð4Þ
The form of the diﬀerential equation has been
determined on phenomenological grounds. We
can picture the radiation in the medium as com-
posed of photons that collide from time to time,
and get absorbed or scattered.
To take into account the shortcomings of the
diﬀusion equation that were mentioned in Section









r2qþ cq ¼ 0. ð5Þ
The meaning of a is that it introduces a ﬁnite prop-
agation (phase) velocity c(3a)0.5 [37]. The coeﬃ-
cient b determines the decay in time. The generalcase, in which a can be either nonzero (telegra-
phers equation) or zero (diﬀusion equation) will
be called a general telegraphers equation.
To obtain the coeﬃcients of the telegraphers
equation it should be noted that Eq. (1) for
oq/ot = 0 reduces to the time-independent diﬀu-
sion equation. Therefore c can be determined from
the steady-state solutions.
Furthermore, we will focus on a method to
determine a and b. The method which we will fol-
low is to derive them from Eq. (2).
2.2. The coeﬃcients of the telegrapher’s equation
To obtain the coeﬃcients of the telegraphers
equation, we can use the Ansatz [31]
qðz; tÞ ¼ q0ezlt=mþixt. ð6Þ












i.e. the desired dispersion relation between m2 and
x.
It is possible to choose a, b and c such that this
equation approximates the dispersion relation
belonging to the transport equation. When this
approximation is carried out in 1st order in x,
we obtain the solution of the diﬀusion equation,
involving only b and c. If also a is determined,
the solution of the telegraphers equation is
obtained.
The corresponding ansatz in order to obtain the
dispersion relation of the transport equation with
propagation in the z-direction is given by
Lðz; ~X; tÞ ¼ L0ð~XÞezlt=mþixt; ð8Þ
which has to be substituted into Eq. (2). The ansatz
(8) is the analogue of the Fourier decomposition
used for the solution of partial diﬀerential equa-
tions with constant coeﬃcients [38]. This substitu-
tion then leads to a dispersion relation between
m2 and x, which is derived below, viz. Eq. (23).
The treatment is analogous to p. 87 of [36],
which comprises expanding the phase function in
Legendre polynomials. Introducing the albedo
a ¼ ls=lt; ð9Þ









Lðz; ~X; tÞ þ Lðz; ~X; tÞ
¼ a
Z
d2X0 f ð~X0  ~XÞLðz; ~X0; tÞ. ð10Þ
Writing the phase function as a series of Legendre
polynomials,























d cos h0 L0ðh0ÞP jðcos h0Þ. ð12Þ
Eq. (12) can be written in a form similar to the
solution of Eq. (12) for x = 0, by new introduction
of the variables ~a and ~m deﬁned by









Eq. (12) can be written as








L0ðh0ÞP jðcos h0Þ d cos h0.
ð14Þ
The derivation now is analogue to Case [36, p. 88].





d cos h0 Pkðcos h0ÞL0ðh0Þ ð15Þ
and using the orthogonality of Legendre
polynomialsZ 1
1
dy P kðyÞP jðyÞ ¼ 2
2k þ 1 djk; ð16Þtogether with
yP jðyÞ ¼
1
2jþ 1 ½ðjþ 1ÞP jþ1ðyÞ þ jP j1ðyÞ; ð17Þ
we ﬁnd that Uj, the Legendre coeﬃcient of the
angular distribution, is deﬁned recursively




with U0 = 1 and U1 ¼ ð1 ~aÞ~m.
We are free to choose U0 = 1, because of the lin-
earity of the transport equation. Now we can write
Eq. (14) for a normalised value of L0(h) with
U0 ¼
Rþ1
1 L0ðhÞ dðcos hÞ ¼ 1 as





ð2jþ 1ÞfjUjP jðcos hÞ.
ð19Þ
We divide by the ﬁrst factor in the left-hand side,
and integrate over h. Since U0 = 1 we get











The integral is related to the Legendre function of








~m y . ð21Þ
Therefore, we arrive at the following relation be-
tween ~a and ~m, the dispersion relation:
Kð~mÞ ¼ 1 ~a~m
XN
j¼0
ð2jþ 1ÞfjUjQjð~mÞ ¼ 0. ð22Þ
Roots of Eq. (22) with real a and m instead of our
complex ~a and ~m were numerically calculated by
[9]. We deﬁne m to be the root with the largest
absolute value, so that the mode Eq. (8) decays
spatially as slowly as possible, since by that prop-
erty, this mode contributes the most signiﬁcant
part in the diﬀusive regime of long distances. We
would like to stress the point that the replacements
of Eq. (13) and the following equations above have
general validity for all values of the quantities
involved, and will consequently be used in the
calculations of Section 2.3.1.
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this equation is an implicit equation for m2 as a
function of x and an expansion parameter
q = 1  a. In the following, we will derive the
expansion of m2 in powers of x as required by
Tauberian theory [33,34]. We would like to stress
the fact that in order to calculate, e.g. a the expan-
sion (27) should be of order four, i.e. two orders
higher than the 2nd order in x! Using standard
theorems on series inversion and the Lagrangian












which has the same form as Eq. (7).
The complexity of Eq. (22), and hence its
approximate solution equation (23), depends on
the type of phase function. In the case of isotropic
scattering, the equation is fairly simple and will be
treated below.
2.3. Development of dispersion relations
2.3.1. Isotropic scattering
In the case of isotropic scattering, the Legendre
coeﬃcients of the phase function are all zero, ex-
cept f0 = 1. This relative simplicity gives us a pos-
sibility to apply the above procedure around a = 1,
which corresponds to the case of small la/ls. We
apply this approach using a ‘‘small’’ parameter:
~q ¼ 1 ~a. Eq. (22) from which the series expan-
sions of ~m2 into the ‘‘small’’ parameter are to be
derived reads as











This is in agreement with the exact solution of m2
for isotropic scattering [36]









Writing Eq. (24) as








þ    ð26Þshows that Eq. (24) is an implicit equation for ~m2
as a function of 1 ~a. The actual calculation of
the expansion coeﬃcients follows from the La-
grange inverse series theorem for implicit functions
[39], (explicit expressions up to order 12 are to be
found in [40]). Then, expressing ~m2 in terms of a
power series expansion in powers of ~q ¼ 1 ~a, (a










~q4 þ    ð27Þ2.3.2. Anisotropic scattering
A second solution of ~m2, that can also be used
for anisotropic scattering, can be found by starting
with the dispersion relation, Eq. (22), for the sec-
ond stationary case between m2 and 1  a. A ﬁt
for the rigorous solution of Eq. (22) for the sta-
tionary case was proposed by [9] for various phase





ð1 a0Þ þ ða0Þm; ð28Þ
with a0 ¼ l0s=ðla þ l0sÞ and appropriate values for
m that showed to lead to a very accurate descrip-
tion of the relation between a 0 and m. For isotropic











is the ratio between the attenuation coeﬃcients
according to standard diﬀusion theory and the rig-
orous solution of the cw-equation of radiative
transport as given in [7]. From Eqs. (28) and










For isotropic scattering, a ﬁt can be obtained
with errors smaller than 0.8% for a > 0.15 when
choosing m = 1.178, [11], whereas the ﬁt for more
forwardly scattering according to the phase func-
tion of Henyey and Greenstein [41] with
g = 0.875 ﬁts to the exact results using m = 0.75
with errors <0.5% for a 0 > 0.15.
Developing Eq. (30) in a Taylor series around
a = 1 yields




1þ ð1=3 mÞð1 aÞ
þ 0.5mðm 1Þð1 aÞ2 þ   
i
ð31Þ
However, the ﬁt of Eq. (31) is less accurate than
that of Eq. (30) and gives no possibilities to adjust




¼ 3ð1 aÞ 1þ Að1 aÞ þ Bð1 aÞ2
h i
. ð32Þ
The slope of the ﬁt of the term between brackets in
the vicinity of a = 1 is determined by A, whereas B
corrects for the ﬁt at larger distances from a = 1.
Eq. (32) with the substitutions Eq. (13) leads to
1
~m2
¼ 3ð1 ~aÞ 1þ Að1 ~aÞ þ Bð1 ~aÞ2
h i
. ð33Þ
It is clear that Eq. (32) or Eq. (33) can be applied
to anisotropic phase functions [9]. We applied Eq.
(33) to isotropic scattering. The value for A was
derived from substitution of m = 1.178 for isotro-
pic scattering into Eq. (31) which gives the correct
slope around a = 1. B was chosen such that this
approximation has validity over a large range by
ﬁtting Eq. (33) to the exact value of Eq. (25) for
a = 0.3.
2.4. Determination of the coeﬃcients of the
telegrapher’s equation
Eqs. (27) and (33) as well as higher order
approximations are the basic dispersion relations
examined in Section 3. From this equation, we ob-
tain Eq. (7), expanding m2 as a power series of x to
the 2nd order and of 1  a up to the 2nd or 3rd or-







we then derive from Eq. (23) the coeﬃcients a, b








r2qþ cq ¼ 0. ð35Þ
It should be noted that the main requirement for a
correct stationary solution of Eq. (35), a correct
apparent diﬀusion coeﬃcient [11], is only described
by c. First of all, it will be investigated in Section 3whether this requirement is fulﬁlled using Eq. (27)
or Eq. (33) for a given phase function.
2.5. Requirement for a correct phase velocity
A check for the goodness of the other coeﬃ-
cients of the telegraphers equation that describe
the time-dependent solution, a and b, is introduced
here. It has been shown that the phase velocity of
waves generated by Eq. (35) is independent of
any speciﬁc solution of the TE but is an intrinsic
property of the equation [42]. This velocity then
is the quotient of the coeﬃcients occurring in front
of the operators $2 and o2/ot2, (
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=ð3aÞp in units of
c), as can been seen easily for a the case of an un-
damped wave equation substituted into Eq. (35).
Hence, the quantity 1/3a should always be as clo-
sely as possible to 1, and thus a = 1/3. We calcu-
lated the phase velocity generated by the
telegraphers equation in Section 3 and checked
whether a is close to 1/3 for all values of the albedo.3. Results
3.1. Stationary solution for isotropic scattering
In this section, we give the results for the coeﬃ-
cients a, b, and c as calculated from Eqs. (27) and
(33). The results are summarized in the Tables 1 and
2. The values for a, b, and c in Tables 1 and 2 are ob-
tained from the expansion of ~m2 into powers of x to
the 2nd order and 1  a to the 2nd and 3rd order.
First of all the stationary case x = 0 has been
evaluated, for which a and b play no role Eq. (7)
and c is related with the exponential slope of Eq.
(6). The results of c have been compared with
the results of the rigorous solution of the transport





Eq. (23). The results are in Fig. 1, which shows
that the 2nd- and 3rd-order Taylor approximation
of the exact dispersion relation Eq. (27) lead to
better results than diﬀusion theory, where F = 1
would be obtained. However, only correct results
are obtained for values of a close to unity, but
deviations are obtained over the whole range
compared to the rigorous results and the approxi-
mation generated by Eq. (33).
Table 1
Second-order approximations for the coeﬃcients of the teleg-
raphers equation, Eq. (35) using Eq. (27)
With Eq. (27)
a 12/175q + 12/175q2 + 1/5
b (3/5q + 12/175q2 + 1)lt
c ðq 4=5q2Þl2t
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mean square sense into powers of 1  a were
obtained for the 5th, 7th, . . ., 16th order which lead
to even better agreement with the rigorous result
from Eq. (25). Fifth order results are also shown
in Fig. 1.
3.2. Check of the phase velocity requirement for
isotropic scattering
The problem now arises to decide which telegra-
phers equation is the ‘‘best’’. To this end, weTable 2
Third-order approximations for the coeﬃcients of the telegraphers e
With Eq. (27)
a 179q3 + 17/250q2 + 0.069q + 1/5
b (0.0103q3 + 0.07q23/5q + 1)lt
















Fig. 1. Stationary solutions of the dispersion relation. Rigorous solu
3rd-order approximations of Eq. (27), .....; and Eq. (33) as in Table 2observe that a common feature of the various pro-
posed telegraphers equations is the wrong value





The derived value is in the range 1.3c until 1.5c
for values of la @ 0, as is easily observed from
Tables 1 and 2, and hence too large. Furthermore,
it depends on absorption. Because the higher order
approximations have a closer ﬁt to the rigorous re-
sults of c, as shown in 3.1, one might expect that it
might also better ﬁt for a. Therefore, we obtained
results for the phase velocity if the solution of the
dispersion relation Eq. (25) is approximated in
the mean square sense by powers of 1  a up to
the 3th, 5th, 7th, . . ., 16th order into powers of
1  a. Fig. 2 shows the results for the 3rd-, 5th-,
and 9th-order approximations. The higher approx-
imations lead to worse results. The resulting teleg-
raphers equation approximation is very sensitive
for the particular choice of the dispersion relation.quation, Eq. (35) using Eqs. (27) and (33)
With Eq. (33) and A = 0.8447,B = 0.1385
0.139q30.4160q2 + 0.4160q + 0.155
(0.1420q3 + 0.42q20.69q + 1)lt
ð0.134q3  0.840q2 þ qÞl2t




; 2nd-order approximation of Eq. (27), ——;

















Fig. 2. Phase velocity in units c as a function of the albedo for the 3rd order,     ; ﬁfth order,
—
; and 9th order mean square
approximation of Eq. (25), +–+–+–+. The correct value of the phase velocity is 1 for all values of a.
192 B.J. Hoenders, R. Graaﬀ / Optics Communications 255 (2005) 184–195We observe from Fig. 2 that the 5th-order approx-
imation gives the best results: the phase velocity is
for a long range of values of the albedo close to c
and does not show the rapid increase of its values
if the albedo is close to unity. However, these
results are also incorrect.
3.3. The phase velocity requirement and values for c
The results in Sections 3.1 and 3.2 show that
none of the telegraphers equations given above
leads to correct values of both a and c for isotropic
scattering. Until now we concentrated on the
‘‘goodness’’ of the values of c requiring two condi-
tions for the calculated values: c should as closely




p ¼ c, or a = 1/3. An alterna-
tive approach to obtain this is now introduced.
We calculated the phase velocity of the more gen-
eral solution of the telegraphers equation using
Eq. (33) and require this velocity to be as closely
as possible to c for all values of the albedo. Several
choices for the coeﬃcientsA andB for the 3rd-order
approximation Eq. (33) showed that A = 2/3 and
B = 0 leads to the correct phase velocity for all val-
ues of a. The results for A = 2/3 and B = 0.33,
0.033, and 0.0033, respectively, are shown in Fig. 3.Table 3 gives the coeﬃcients for the telegra-
phers equation for A = 2/3 and B = 0.33 and
B = 0. We see from this table that a = 1/3 for
B = 0, which corresponds to the correct phase
velocity.
The dispersion curves, including that with
A = 2/3 and B = 0, deviate from the isotropic
dispersion curve (Fig. 4). Therefore, we will con-
sider very shortly some cases of anisotropical scat-
tering. Fig. 4 also shows several dispersion curves
(see the legend for the explanation), for various
Henyey–Greenstein phase functions [41]. The val-
ues for g of the Henyey–Greenstein phase function
were varied. In particular, we see close agreement
between the Henyey–Greenstein phase function
with g = 0.22. We have therefore shown the exis-
tence of a phase function leading to Telegraphers
equations with both an almost correct stationary
solution and a correct phase velocity c!4. Discussion
In the analysis given above the derivation of the
telegraphers equation is given as an approxima-
tion of the equation of radiative transport valid
for suﬃciently ‘‘large’’ values of time. Suﬃciently
Table 3
Third-order approximations searching for a correct phase velocity
Eq. (33) with A = 2/3; B = 0.33 Eq. (33) with A = 2/3; B = 0
a 0.330q30.994q2 + 0.994q + 0.332 0q30q2 + 0q + 0.333
b (0.340q3 + q20.340q + 1)lt (0q3 + 0q20.33q + 1)lt

















Fig. 3. Phase velocity in units c as a function of the albedo for B = 0.33, ——; B = 0.033, –––; and B = 0.0033,
—
.
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more the a few 1/lt as can be observed from Eq.
(13).
In order to derive the TE, we derived the disper-
sion relation between x and m1, occurring in the
‘‘Ansatz’’ Eq. (8). The asymptotical behaviour of
the solution of the equation of radiative transport
for ‘‘large’’ values of time and place is then ob-
tained using Tauberian techniques [32–34], which
consequently leads to the determination of a
power series expansion of m1 into powers of x.
We would like to stress that our method works
for all values of the albedo a. Hence, the idea that
any telegraphers (diﬀusion) equation approxima-
tion to the equation of radiative transport only ex-
ists for suﬃciently small values of the absorption
coeﬃcient [31] is not true. In contrast, for correct
results at all values of the albedo a correct phase
velocity is even required, because for the case ofrelative large absorption, the non-scattered pho-
tons will dominate the ﬂuence rate at all distances
from the source. The validity of our results for all
values of the albedo is illustrated by the fact that
substitution of qðla;~r; tÞ ¼ q0ðla ¼ 0;~r; tÞ exp-
ðlactÞ into (35) shows that a, b, and c taken from
Table 3 for B = 0 are valid for all values of la.
Our results, based on Eq. (27) lead to telegra-
phers equations diﬀerent from those proposed
in the literature (see [31] for a survey of the pro-
posed telegraphers equations). Our coeﬃcients
for a, b, and c diﬀer from those of [30], whose
telegraphers equation is not valid for l0s ¼ 0,
where some of its coeﬃcients become inﬁnite.
Our results also diﬀer from the one put forward
by [31], with a = 1/5, b = lt(3/5a + 2/5), and
c ¼ l2t ð1=5þ 3=5a 4=5a2Þ. It should be noted
that this solution of Eq. (1) can be obtained by


















Fig. 4. The stationary solutions of the dispersion relation for correct phase velocity (A = 2/3, B = 0): ––––, comparison with
rigorous solution for isotropic scattering;
—
, and for anisotropic Henyey–Greenstein scattering with g = 0.875: , and g = 0.22:
.
194 B.J. Hoenders, R. Graaﬀ / Optics Communications 255 (2005) 184–195the quadratic approximation of Eq. (25), (viz. Eq.
(27) without the tilde and the cubic term) is the
appropriate dispersion relation. Then our method
leads to Polishchuks coeﬃcients of the TE. How-
ever, when a 4th-order approximation of Eq. (25)
is applied (viz. Eq. (27) without the tilde and
including the 4th-order term), it is true that we ar-
rive at the same 2nd-order expansion of c as given
by Polishchuk, but the values of the time-depen-
dent coeﬃcients a and b within this approxima-
tion are diﬀerent. This indicates that a higher
order approximation of Eq. (25) is needed to
arrive at the correct coeﬃcients a and b within that
approximation. Unfortunately, we have shown
that, using the telegraphers equation, the higher
order approximations for isotropic scattering have
not led to the correct values of a.
It is clear that the telegraphers equation prefer-
ably is used in a way that the calculated phase
velocity of the light for all albedo values equals
that of the phase velocity. Our results show that
no correct solution could be found for isotropic
scattering when also the phase velocity should
equal c. A correct description for the phase veloc-
ity was only found for F2 = 1/3 + 2/3a 0. Thecurve in Fig. 4 that is valid for this phase function
closely corresponds to an existing anisotropical
phase function: The Henyey–Greenstein function
with g = 0.22. This curve was found empirically.
Although from measurements described in the
literature, it is expected that the phase function
for biological tissue is more close to that for
g = 0.875 than the phase function mentioned
above for which Fig. 3 shows deviations up to
10%. Even under these circumstances the telegra-
phers equation with A = 2/3 and B = 0 gives a
much better description of c than diﬀusion theory,
for all values of the albedo. Future studies on the
use of this telegraphers equation with the correct
phase velocity probably will show this approach
to be a step forward in the description of light
propagation in biological tissue.References
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